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MR elastography (MRE) is an MRI modality that is increasingly
being used to image tissue elasticity throughout the body. One
MRE technique that has received a great deal of attention is based
on visualizing shear waves, which reveal stiffness by virtue of their
local wavelength. However, the shape of propagating shear waves
can also provide valuable information about the nonlinear stress–
strain behavior of tissue. Here an experiment is proposed that
allows the observation of nonlinear wave propagation based on
spatial-temporal phase contrast images. A theoretical description
of the wave propagation was developed that reflects typical MRE
excitation, which involves excitation modes both parallel and per-
pendicular to B0. Based on this model, it is shown that both odd
and even higher harmonics are produced with their amplitudes
dependent on the details of the actuator, imaging geometry, and
the nonlinear tissue properties. With appropriate motion encod-
ing, harmonic vibrations arising from nonlinear tissue response
can be detected. The effect is demonstrated on an agarose gel
phantom using a sinusoidal shear vibration of 150 Hz, and clearly
shows the presence of harmonics at 600 and 750 Hz. Using an
estimate of the strain energy of the phantom, we were able to
determine the nonlinear tissue properties. Magn Reson Med 52:
842–850, 2004. © 2004 Wiley-Liss, Inc.
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In recent years, MR elastography (MRE) has received con-
siderable interest as a novel modality that is capable of
imaging tissue elasticity in vivo. Originally based on ul-
trasound (US) imaging, elastography applications in MRI
have made rapid progress. The highly-resolved soft-tissue
contrast gained by MRI, combined with the shear modulus
as a sensitive elasticity parameter, have led several inves-
tigators to employ MRE in a number of clinical applica-
tions, including the prostate (1,2), head (3–6), skeletal
muscle (7–9), and breast (10–12). MRE is based on the
detection of spin phase contrast arising from oscillatory
motion in the presence of phase-locked magnetic field
gradients (13). This allows the propagation of acoustic
shear waves to be imaged along the direction of the ap-
plied motion-encoding gradients. To date, tissue stiffness
has been examined in MRE in terms of the shear modulus
� as a linear elastic material property. The linear shear

modulus can be analyzed by means of local wave speeds
based on local frequency estimators (14,15), from inverse
solutions of the Navier equations (11,16), or an iterative
refinement of displacements (17,18). However, using real-
time US, Catheline et al. (19–21) recently demonstrated
that low-frequency (100 Hz) transverse waves can exhibit
nonlinear propagation effects while traveling through aga-
rose gel. Although such thermo-reversible gels have been
found to be linear elastic under small static deformations,
shear waves cause third-order nonlinear effects due to the
high particle deflection speed relative to the low shear
wave propagation speed. One can visualize the nonlinear
effects by creating higher harmonic frequency components
of the fundamental shear vibration, whose intensity ratios,
shock speeds, and total amplitudes are sensitive to both
applied strain components and the inherent nonlinear
stress–strain function of the material (22). These nonlinear
parameters may provide new information regarding tissue
type, as previous rheologic experiments have shown that
most tissues exhibit nonlinear constitutive properties (23).
The goal of this study was to introduce a methodology that
exploits the potential of MRE in demonstrating these non-
linear properties in an imaging experiment.

BACKGROUND

Temporal Resolution of MRE

In contrast to real-time US observation of nonlinear trans-
verse waves (20), MRE acquires data by phase encoding
each line in k-space with appropriate oscillatory motion-
encoding gradients. Through the use of sinusoidal motion-
encoding gradients, the final image selectively shows os-
cillatory wave motions, which occur with a frequency
content that is dependent on the details of the gradient.
Ideally, an MRE experiment would not be limited by tissue
T2, and hence long motion-encoding gradients could be
applied. This would result in an image that would be
selective only for motions that occur at the frequency of
the gradient. However, due to the short T2 times of tissues,
these gradients are short (on the order of 10–200 ms),
which broadens the spectral response of any practical
MRE experiment. As such, MRE gradients serve to operate
as a filter by which the spectral response of tissue motions
will be scaled depending on the details of gradient encod-
ing.

The resultant phase image reports the spatial distribu-
tion of motion, and the gradients act in a stroboscopic
manner to capture the tissue motions. To achieve a time-
resolved rendering of the shear wave progression, repeti-
tive MRE acquisitions are required while the phase � is
incremented between the motion and gradient waveforms.
As such, the time required to achieve time-resolved 2D
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MRE data can be lengthy. For application to linear shear
wave propagation, this may require a minimum of four
increments of � to adequately capture the temporal evolu-
tion of the wave propagation. However, for application to
nonlinear wave propagation, many more phase increments
will be needed to track the evolution of higher harmonics
depending on the order of the harmonics under investiga-
tion. As such, the time required to complete a full inves-
tigation of nonlinear effects in MRE can be prohibitive. An
alternative approach is to sacrifice one spatial dimension
of encoding while increasing the temporal resolution by
using a 1D spatial imaging method, and automatically
incrementing the phase �-between the motion and gradi-
ent applications (24). This approach will balance the need
to provide high temporal resolution for monitoring higher
harmonics while providing the needed spatial rendering to
appreciate the spatial evolution of nonlinear effects.

MRE Tissue Excitation

The nature of the harmonic generation arising from non-
linear effects depends on the nature of the possible mo-
tions that can occur in tissue. Catheline et al. (19) have
shown that nonlinear mechanisms coupled from purely
longitudinal waves will generate even-order harmonics
while the same nonlinear mechanisms arising from trans-
verse wave motion will generate odd-order harmonics. As
such, in order to appreciate the order of harmonic gener-
ation, it is important to appreciate the details of the me-
chanical excitation in terms of motion components that are
parallel and perpendicular to the image axis of the shear
waves.

In the case of MRE, shear wave excitation is commonly
achieved with the use of electromechanical actuator sys-
tems (13). Typically, such systems use an “excitation” coil
mounted on a gimbaled beam with the opposite end at-
tached to the patient surface over an “actuator surface.”
With the application of an alternating current to this coil,
the resulting interaction with the static magnet field will
create an alternating torque on the coil parallel to B0. The
induced vibrations of the induction coil are carried for-
ward via beam and transducer plate to the phantom sur-
face. The type of connection between the actuator and the
object determines the shape of the induced shear waves. In
our experiments, the transducer plate was chosen to flatly
cover the whole surface of the agarose phantom in order to
ensure a creation of only parallel transverse waves. How-
ever, it is important to note that the actuator is not neces-
sarily aligned with the coordinate system of the scanner.
As shown in Fig. 1, a minor tilt of the actuator system
(labeled as X� and Y�) relative to the B0-axis would yield an
observable fraction of ux(x, y) displacement, which is not
present if X� and X coincide. Thus, the measured displace-
ment reflects only the projection of the motion vector onto
the coordinate axis that is chosen by the direction of the
oscillating gradients. For an analysis of the nonlinear
strain elements, the spatial dependency of the true motion
vector must be taken into account.

In the next section, we develop a brief theoretical de-
scription of the spectral response of MRE, followed by a
model of nonlinear wave propagation for this type of ex-
citation. Finally, we demonstrate these effects using a 1D

MRE pulse sequence in an experimental system based on a
simple agar phantom.

THEORY

MRE Spectral Response

We will first consider the displacement of a particle with-
out specific direction at an arbitrary location. The time
dependency of the deflection is given as a harmonic func-
tion:

u�t� � Av sin�2�fvt � ��. [1]

where fv is the frequency, Av is the amplitude of the tissue
vibrations, and � refers to the spatial phase of the oscilla-
tions at that given point. This phase depends on the speed
of the shear wave through the material, and the initial
phase � of the excitation with respect to the gradient and
the vibration frequency fv. For linear elasticity, fv is simply
equal to the experimental driving frequency (f0). In the
case of nonlinear wave propagation, multiple values of fv
will be present in the sample. The displacement u(t) of the
particle is detected in MRE in terms of a phase shift �,
which is imposed by an oscillating gradient of frequency
fG and amplitude AG:

� � �
0

	


 AG sin�2�fGt� � u�t�dt, [2]

where 
 is the gyromagnetic ratio of the proton spins, and
	 refers to the duration of the encoding gradient character-
ized by 	 � nG/fG, with nG as the number of gradient
periods. The number of gradient cycles nG is limited to a

FIG. 1. The vibration vectors induced by the actuator (parallel to Y�)
and their decompositions into the motion components, as they
would be detected by MRE. The oscillating gradients of the MRE
sequence are aligned with B0 so that the y-component of the
deflection u is encoded.

Nonlinear Shear Wave Propagation Using MRE 843



certain number of approximately 10–30 due to T2* relax-
ation processes. Therefore, the finite bandwidth of the
gradient may cause an encoding of frequency components
that differ from the gradients frequency. Under the as-
sumption of an integer nG, the solution of the integral in
Eq. [2] using Eq. [1] follows for the case of fG � fv:

� � 
 AGAv

fG

��fv
2 � fG

2 �

� (sin � cos2 �
sin ��cos � sin � cos �),

[3]

with

� �
�fvnG

fG
. [4]

For the resonance condition fG � fv, the integral of Eq. [2]
yields the well-known relation:

� �
1
2


AGAvnG

fv
cos �. [5]

From this equation, it follows that the magnitude of the
encoded signal � increases linearly with the number of
gradient periods for positions where cos� � 0. In contrast,
for fG � fv, a phase will remain that is determined by the
ratio of both frequencies and the number of gradient cycles
nG. Alternatively, if the number of gradient cycles fulfills
the relation

nG �
fG

fv
n; n � 1,2,3. . . [6]

then only the selected harmonic fv is encoded, while all
multiples of the vibration frequency exhibit null phase
amplitude. For example, the application of a 600-Hz gra-
dient frequency would remove all 150-Hz components
with nG � 4, 8 . . . (see Fig. 2a).

Nonlinear Shear Wave Propagation

In the proposed 1D MRE technique, 1D spatial resolution
of the transverse displacement component is considered.
Therefore, we introduce u as a two-component vector that
consists of the displacements along the X- and Y-axes of

the imaging coordinate system (Y is parallel to the field,
while X is orthogonal). Assuming a pure shear displace-
ment along Y, u is only a function of position x. However,
in MRE experiments, a strict alignment of the coordinate of
the spin phase encoding with the deflection axis of the
actuator beam is not guaranteed. Therefore, u becomes
dependent on x and y, whereby the displacement compo-
nent ux�x, y� can be related to uy�x, y� if the transformation
from the actuator to the scanner system is known. A tilt of
the actuator system around the normal of the X-Y plane
would influence the ratio of ux�x, y� and uy�x, y�, as dem-
onstrated in Fig. 1. The tilt angle � is introduced to corre-
late the two motion components, and u follows with

u � ��uy�x,y�, uy�x,y��, [7]

for � � tan �. As explained in more detail in the Appen-
dix, it is now possible to derive the deformation of an
incompressible medium in terms of the transversal defor-
mation F � �uy/�x (the position dependency of uy�x, y� is
henceforth not explicitly stated). In the proposed nonlin-
ear MRE experiment, the deflection uy is measured along
X, and thus the deformation F is an experimentally known
quantity. The nonlinear elastic modulus that governs the
response of the material to the applied stresses is ex-
pressed as a function of F with

E � 3E1F2 � 2E2F � �, [8]

The coefficients E1 and E2 are derived in detail in the
Appendix. Using this notation for the nonlinear elastic
modulus, the balance of forces can be described by the
wave equation including viscosity (�) that is based on the
Voigt’s model (23):

�
�vy

�t
� E

�F
�x

� �
�2F
�x�t

, [9]

(� assigns the material density). If we assume a solution of
the form

uy � Av exp�i�t � i
�

c
x � 
x�, [10]

(� � 2�fv, c � �E/�), Eq. [9] yields the damping coeffi-
cient as

FIG. 2. Functions of the encoding signal �
(Eq. [3]) vs. gradient periods nG for fv �
150 Hz, fG � 600 Hz (a), and fG � 750 Hz (b).
The spatial phase was varied as � (x,y) � 0
(E), � (x,y) � �/4 (‚), � (x,y) � �/2 (�), � (x,y)
� 3�/4 (ƒ), and � (x,y) � � ({). For the
simulations, a gradient amplitude of 40
mT/m and a vibration amplitude of �
0.5 mm were assumed.
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 � ik � �� �

i�� � E
. [11]

For fitting the experiments, uy can be calculated numeri-
cally starting with the linear elastic modulus E � � that
bounds uy�t � 0,x�.

MATERIALS AND METHODS

We examined MRE-based detection of nonlinear wave
propagation using an agarose gel phantom. The sample
was prepared from a heated solution of 2.0% gel in water,
and kept refrigerated for 4 weeks. The spatial extension of
the phantom was 79 mm in the X-direction. The shear
deflection was achieved along the Y�-axis of the actuator
system (see Fig. 1). During excitation, 70 cycles at 150 Hz
were applied during each TR. The start of the vibrations
was triggered by the MR machine. To ensure a sinusoidal
motion path of the transducer plate, a setup of two motion-
tracking coils was installed as described elsewhere (25).
This allowed for an accurate assessment of the presence of
harmonics in the actuator itself, which would appear as
nonlinear effects in the phantom. A digital oscilloscope
was used to detect the voltage induced by mechanical
vibrations of the tracking coils. By adjusting the input
voltage of the actuator coil, and the surface pressure of the
transducer plate on the phantom, we were able to mini-
mize frequencies that were present at frequencies beyond
150 Hz. The maximum deflection amplitude was adjusted
with 1 mm peak-to-peak.

1D MRE Sequence

The shear wave displacement was recorded in terms of
phase-difference images that displayed one spatial and
one time-resolved dimension. This x-t projection was
achieved with the use of the motion-sensitive pulse se-
quence shown in Fig. 3. A 2D radiofrequency (RF) pulse
was applied to excite a column along X through the mate-

rial (26). The RF pulse consisted of an eight-loop spiral of
approximately 6 ms duration, and was used to excite a
column of approximately 2.5 cm in diameter (full width at
half maximum). The sinusoidal motion-encoding gradient
was applied according to standard MRE techniques. The
gradient frequency was varied between 150 and 750 Hz,
with period numbers of 2–20. After motion encoding was
performed, a gradient echo was acquired while a spatial-
encoding gradient was applied parallel to the excited col-
umn. Each echo was collected at a bandwidth of approxi-
mately �15.625 kHz, and was sampled for 256 points over
a 24-cm field of view (FOV). The time resolution was
achieved by a variable delay inserted between a trigger
pulse at the beginning of the sequence and the start of the
RF excitation. The mechanical excitation was triggered
each TR � 2 s with an incremental progression of phase
shift �. This resulted in a time resolution of 1/8 of the
period length of the motion-encoding gradient. The se-
quence was implemented on a General Electric Signa LX
1.5-Tesla MR system (GE Medical Systems, Waukesha, WI)
with gradient amplitude and slew rates of 40 mT/m and
150 mT/m/ms, respectively. For reconstruction, we ap-
plied a 1D-Fourier transform along X, and employed man-
ual phase unwrapping to create a linear representation of
particle displacement. We subtracted two 180°-shifted
wave images to exclude static phase components of the
signal.

MRE Wave Simulations

The appearance of nonlinear MRE wave images is deter-
mined by the propagation of nonlinear harmonics, as well
as by the details of the motion-encoding gradient. To re-
produce this complex correlation, we employed a two-step
algorithm as follows:

1. To set up the boundary condition of Eq. [10], we
determined the linear shear modulus �, the displacement
amplitude Av, and the viscosity � by fitting uy�t � 0,x� to
the experimental 150-Hz fundamental vibrations. Then,
the nonlinear elastic moduli E1 and E2 (Eq. [8]) were syn-
chronously varied, yielding 4D data sets of nonlinear x-t-
wave images as a function of both elasticity parameters.

2. We then applied virtual motion encoding to the x-t-
wave images to scale all present frequency components
with respect to the motion-encoding gradient frequency
and the number of applied gradient cycles. To match the
length of the virtual motion encoding, the x-t-wave images
from step 1 (corresponding to one �-cycle) were concate-
nated along the t-dimension.

We processed the experimental and simulated data by
applying a 1D Fourier transform along the time axis. The
amplitudes of the 4th (600 Hz) and 5th (750 Hz) harmonics
were quantitatively evaluated as a function of position.
The agreement between the simulations and experimental
MRE data was assessed by means of the variance � (i.e., the
mean squared deviation normalized by the experimental
error). Data processing and simulations were performed
with Matlab 6.5 (The MathWorks Inc.). The computation
time for one 128 � 128 pixel x-t-wave image was approx-
imately 3 s on a Pentium 4, 2.6 GHz PC.

FIG. 3. 1D-gradient echo sequence with a variable number of en-
coding gradient periods. Additionally, a variable time delay between
the oscillation trigger and the beginning of the sequence was intro-
duced to achieve time resolution of the propagating waves. The
scheme is drawn for 2fG � fv.
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RESULTS

The MRE x-t data for the 4th and 5th harmonic compo-
nents at 600 and 750 Hz, and their 1D Fourier transform
are demonstrated in Fig. 4. The gradient frequency was set
to 600 (a and b) and 750 Hz (c and d), respectively, with a
number of gradient periods nG � 20. For this specific
number of gradient cycles, both frequencies fulfill the filter
condition of Eq. [6] (with n � 4 and 5 for fv � 750 and
600 Hz, respectively), so only the motions arising from
both selected frequencies are detectable. In contrast, if nG

is changed to 19 periods, off-resonance frequencies appear
in the wave image, which are then dominated by the main
frequency of 150 Hz (see Fig. 5). In addition to the reso-
nance vibration with fG � fv, the 1st (150 Hz), 2nd
(300 Hz), and 3rd (450 Hz) harmonic oscillations are visi-
ble. Their amplitudes obey the relations of Eqs. [3] and [5]
depending on the spatial phase �. The strong fundamental
vibrations at 150 Hz in Fig. 5a and c were used to deter-
mine the deflection amplitude and wave number. An in-
teractively controlled fit routine based on a sinusoidal
function with variable amplitude, frequency, and damping
revealed a maximum deflection of Av � 0.50 � 0.02 mm, a
wavelength of 31.85 � 0.05 mm for the 150-Hz signal, and
a damping coefficient 
 � 8.7 � 0.2 m–1. On the basis of the
wavelength, the shear modulus � was determined with
23 � 1 kPa, assuming material homogeneity and a material
density of 1 kg/l. The viscosity was determined from the
damping coefficient of Eq. [11], with 2.15 � 0.05 Pa s.

To simulate the material’s nonlinear behavior, we con-
sidered the experimental intensity profiles of the 4th
(600 Hz) and 5th (750 Hz) higher harmonic frequencies
along X. Using the correlation of x and y displacement by
�, we found that with pure transverse shear excitation (� �

0) the nonlinear wave propagation generates odd Fourier
components, whereas for � � 0, both odd and even har-
monics are superposed.

Figure 6a shows the experimental and simulated ampli-
tude profiles along the object extension for the 4th and 5th
higher harmonic vibrations. The experimental profiles at
600 and 750 Hz were obtained from the magnitude spectra
shown in Fig. 4b and d. Both amplitude curves are mod-
ulated with an oscillating signal that could be removed
with a band-gap. The resulting simulated curves are plot-
ted together with both the filtered and unfiltered experi-
mental data. The slope of the profiles shows that in both
cases, the amplitude increases with increasing distance to
the transducer. With a maximum amplitude of about
3.3 �m, the 4th harmonic shows a threefold higher ampli-
tude than the 5th harmonic, which exhibits a maximum
amplitude of approximately 1.1 �m. To calculate the vari-
ation � of the experimental data with respect to the simu-
lated data, we restricted our attention to a spatial range
between 20 mm and the phantom boundary (79 mm). To
normalize �, we estimated the experimental errors of
�0.3 �m (600 Hz) and �0.15 �m (750 Hz). Varying E1 and
E2 allowed us to plot the � contour to determine its min-
imum (i.e., the best-fitting combination of these elastic
variables). Since the same E1-E2 pair that fits one higher
harmonic must fit all other present frequencies, both �600-
and �750- contours are shown overlaid to estimate the area
where the minima of both contours coincide (Fig. 6b). It
was found that both minima correlate with E1 � 28.5 � 1.0
kPa and E2 � 4.5 � 0.5 kPa.

To demonstrate the feasibility of the nonlinear wave
simulations, Fig. 7 shows x-t-wave images that correspond
to the experiments of Fig. 5. These images were produced

FIG. 4. Experimental x-t-wave im-
ages and magnitude spectra of
the 4th (a and b) and 5th (c and d)
harmonics of 150 Hz fundamental
vibrations. In this experiment,
nG � 20, i.e., the filter condition
was matched corresponding to
Eq. [6]. The transducer plate was
attached at the upper boundary of
the phantom. One can see that
nonlinear actuator vibrations in-
duce small vibration intensities in
the very upper range. The major
intensity growing along X reveals
the nonlinear elastic behavior of
the phantom. [Color figure can be
viewed in the online issue, which
is available at www.interscience.
wiley.com.]
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with the same experimental parameters of Fig. 5 (fG �
0.6 kHz (a and b), fG � 0.75 kHz (c and d), and nG � 19
(a–d)). The nonlinear elasticity parameters used corre-
spond to the E1 and E2 derived in Fig. 6.

DISCUSSION

We have demonstrated that nonlinear MRE allows the
observation of higher harmonic vibrations as multiples of
the excitation frequency. However, both the nonlinear vi-
brations of the actuator unit, and the nonlinear elastic

material properties may cause these higher harmonics. In
our experiments, a small amplitude fraction was found
that showed about 5% of the main vibration (150 Hz)
intensity for 300 and 450 Hz (2nd and 3rd harmonics). For
higher harmonics of 600 and 750 Hz (4th and 5th harmon-
ics), the vibration amplitude introduced by the mechanical
performance of the actuator was further reduced to a neg-
ligible amount. For this reason, both 4th and 5th harmon-
ics were selected for further experimental and theoretical
examinations. Their intensities became highly visible after
Fourier transformation was performed, as shown in the

FIG. 5. Experiments correspond-
ing to Fig. 4, but with nG � 19.
Here the fundamental vibration
dominates the x-t-wave images in
the upper half of the phantom,
whereas with growing distance to
the actuator (upper edge of the
images), the higher harmonic fre-
quencies of 600 Hz (a and b) and
750 Hz (c and d) become visible.
[Color figure can be viewed in the
online issue, which is available at
www.interscience.wiley.com.]

FIG. 6. a: Experimental magnitude amplitudes of 600 Hz (E) and 750 Hz (�) higher harmonic vibrations with Fourier-filtered data (dashed
lines). The constant offset of the data may originate from a shallowly varying longitudinal wave that can be introduced by a small rotational
component of the actuator motion. The solid lines correspond to the expected amplitudes by minimizing � (see text). Simulation parameters
were chosen using the contour plot in b. b: Contours of � as a function of the two nonlinear elasticity parameters E1 and E2 (Eq. [8]). The
open contour patches indicate the quality of the fits of the 600-Hz amplitude curve (�600), whereas the gray patches show the variance that
occurred during the fitting of the 750-Hz profile line (�750). The isolines belong to � � 0.1 � 2n. The coinciding range of minimum standard
deviations that corresponds to E1 � 28.5 � 1.0 kPa and E2 � 4.5 � 0.5 kPa indicates the parameters of the best-fitting simulations.
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contour spectra of Fig. 4, where the filter condition (Eq.
[6]) is matched. The same information can be obtained for
multiple oscillations in a single experiment when n of Eq.
[6] is chosen to be a non-integer number. Figure 5 demon-
strates how x-t-wave images in nonlinear MRE appear if
the filter condition is not fulfilled. To quantitatively eval-
uate the spectral content of such wave images, a suitable
scaling of the encoded amplitudes corresponding to Eq. [3]
must be applied for each oscillation. Qualitatively, both
Figs. 4 and 5 reveal that the intensity of higher harmonics
increases as the wave travels through the object. This
observation is consistent with the well-known accumu-
lated effect of harmonic waves through a sample to form a
shock wave (20,27). Furthermore, it demonstrates that we
observed nonlinear wave propagation due to nonlinear
elasticity, as opposed to frequencies introduced by the
actuator. This finding is well demonstrated in the spectra
of Fig. 4: at the upper boundary of the phantom, a small
fraction of intensity emerges that was introduced by the
actuator. This higher harmonic vibration disappears after
approximately 10 mm for both 600 and 750 Hz. In both
cases, the nonlinear mechanism becomes apparent after
approximately 20 mm, which results from the nonlinear
stress-strain relation of the material. In the range of a
20–30-mm distance to the actuator, both 4th and 5th har-
monics reach their maximum values, which bounds the
shock distance of the agarose phantom under the applied
deflection. Therefore, we neglected the presence of waves
from the actuator within a distance of 20 mm in the quan-
titative evaluation of the nonlinear harmonics.

It has been shown in the literature that pure transverse
shear wave excitation results solely in odd-harmonic fre-
quencies (20). However, the experimental observations

(Figs. 4 and 5) show a significant amplitude of the 4th
harmonic frequency. Extending the model of pure trans-
verse wave excitation along Y to combined X-Y-wave
propagation allows the theoretical prediction of the even
harmonic frequencies observed. With this transition to a
more complex strain model (see Fig. 1), the number of
unknown constitutive parameters increases from one to
four. Therefore, the strain parameters were reduced by
both the condition of incompressibility and the correlation
of ux�x,y� with uy�x,y� using the factor �. The first assump-
tion is well established for agarose gels and many biolog-
ical soft tissues. The correlation of ux�x,y� and uy�x,y� is
justified if a slight tilt of the actuator system with respect
to the B0-field is taken into account. Such misalignment
within a few degrees is on the order of the accuracy of
standard electromechanical actuators in MRE. In our sim-
ulations, however, we used the correlation factor � as an
implicit variable of the parameter E2, whereas E1 provided
a measure of nonlinear elasticities independently of x
deflection components. Thus, while E2 is important for the
explanation of the presence of the 4th-order harmonic, its
value is strongly dependent on the geometrical alignment
of the experiment, and it is E1 that represents a “truly”
measured (i.e., independent of the geometry) nonlinear
parameter.

The data of Fig. 6b show the strategy we used to deter-
mine the best-fitting E1-E2 parameter pair. The distinct
range in which the minima of the �600- and �750- contour
overlapped was selected as the best range for fitting the
elasticity coefficients E1 and E2. This range of E1 � 28.5 �
1.0 kPa, and E2 � 4.5 � 0.5 kPa shows that the coefficient
E1 is much greater than E2, indicating a small �-factor. To
estimate the explicit fraction of ux�x,y� and thus the tilt

FIG. 7. Simulations of nonlinear
wave propagation using the elas-
ticity parameters and relaxation
rate deduced from the � plot of
Fig. 6b. The vibration frequency
and setup of the virtual motion-
encoding gradient correspond to
the experimental conditions of
Fig. 6 (i.e., fv � 0.15 kHz; nG � 19;
fG � 0.6 kHz (a and b) and fG �
0.75 kHz (c and d)). [Color fig-
ure can be viewed in the online
issue, which is available at www.
interscience.wiley.com.]
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angle �, further information about the nonlinear parame-
ters C1,0 and C0,2 (see Appendix, Eq. [A11]) is required.
Values from literature indicate a great variety of nonlinear
elasticity components for gel samples (28,29). Further-
more, sensitive chemical and physical parameters, such as
the number of cross-links of the specific gel, and the con-
centration, temperature, and time of deterioration, are cru-
cial for comparing nonlinear stress-strain relations. The
direction components of the applied strain must be care-
fully considered. As shown here, relatively small values of
E2 (4.5 � 0.5 kPa) create the 4th harmonic, which itself has
three times the intensity of the 5th harmonic. To gain more
accurate knowledge about the elasticity coefficients used
in the strain energy function (Eq. [A6]), one must deter-
mine the deflection along X and Y with a spatial resolution
in at least two dimensions. However, in in vivo experi-
ments where scan time is an expensive parameter, the
proposed model of correlated x-y-displacement ampli-
tudes would allow investigators to focus in nonlinear
wave simulations on the 3rd-order modulus E1, which is
independent of implicit geometrical considerations. This
approach could be employed to reveal the nonlinear elas-
tic properties of diffuse changes of tissue (e.g., cirrhotic
liver diseases) or pathologic lesions (e.g., breast tumors
(30)) whose extensions clearly exceed the shock distance.
For potential in vivo applications of nonlinear MRE, high
viscosity must be taken into account. The relatively high
viscosity of biological tissues causes strongly damped
shear waves, and thus higher harmonics, since the 4th and
5th harmonics of 150 Hz fundamental frequency would be
damped off within a few millimeters. On the other hand,
by applying a lower fundamental frequency (�50 Hz) and
capturing the 2nd and 3rd harmonics, researchers can
observe reasonable signal amplitudes over a pathway that
is long enough to allow the waves to accumulate an ob-
servable amount of nonlinear properties. In addition, the
linear behavior of the actuator must be carefully moni-
tored, since in this frequency range electromechanical ac-
tuators may introduce some anharmonic vibrations, as
shown in Ref. 25.

CONCLUSIONS

A dynamic 1D MRE technique was used to detect nonlin-
ear wave propagation in agarose. The use of 1D nonlinear
MRE experiments allows adequate temporal sampling to
be achieved in a reasonable time for clinical applications.
The resulting nonlinear wave amplitude profiles along a
spatial axis reveal the growing intensity of higher harmon-
ics with propagation through the phantom. While for pure
transverse shear wave excitation, the intensity of only the
odd-harmonic frequencies was expected, the experiments
revealed the existence of even harmonics. A model of
correlated displacement components was introduced that
bounds a small portion of the transverse wave intensity
parallel to the image axis. Using this model, we were able
to deduce nonlinear elasticity parameters from the profile
curves of the 4th and 5th harmonics. This work demon-
strates how MRE can be applied for the observation, anal-
ysis, and quantification of nonlinear tissue vibrations.

APPENDIX

Here the nonlinear shear modulus E is deduced with the
use of the displacement vector u (Eq. [7]). The correlated
displacements yield the deformation gradient

F � � �
�uy

�x
� 1 �

�uy

�y
�uy

�x
�uy

�y
� 1 �, [A1]

where F is used to define the left and right Cauchy-Green
strain tensors GI � FFT and Gr � FTF, respectively. Since
in practice � is small (i.e., in the range of �3°, yielding a
factor � of about �0.05), quadratic and higher-order terms
of � can be approximated to be zero. In the following, this
assumption is applied to all potentials of � � 1. The in-
variants of GI are given with

I1 � trace(GI)

I2 � det(GI)�trace(GI

1)

I3 � det(GI). [A2]

Under the assumption of incompressibility (I3 � 1), the
deformation component �uy/�y can be derived from Eq.
[A2] with two roots:

�uy

�y
� � � �F

� �F � 2 , [A3]

where F � �uy/�x is the quantity of deformation that
describes the 1D strain-wave amplitude measured in 1D
nonlinear MRE experiments. Substitution of Eq. [A3] into
Eq. [A2] results in two identical invariants of GI:

I1 � I2 � 2 � F2. [A4]

The elements of the strain tensor ε � 1/2�Gr � I� (where
I denotes the tensor identity) are given by

ε �
1
2� 2�F � F2 F � �F2

F � �F2 � 2�F 	 . [A5]

The strain-energy function � can be evaluated with the use
of a polynomial hyperelastic model (31):

� � 

i�j�1

2

Cij�I1 � 2�i�I2 � 2�j. [A6]

The first-order term of � refers to a Mooney-Rivlin mate-
rial that leads to a nonlinear stress–strain relationship
under uniaxial loading while yielding a linear elasticity
for pure transverse shear strain. Since the latter was the
main displacement component of the nonlinear experi-
ments, a 2nd-order polynomial form is used henceforth,
yielding a nonlinear stress–strain relation for pure trans-
verse shear strain.
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The strain-energy function allows the second Piola-
Kirchhoff stress tensor to be derived:

T �
��

�ε � pI. [A7]

Here, p represents the hydrostatic pressure that is intro-
duced to fulfill incompressibility constraints. The deriva-
tive of the strain-energy function with respect to the strain
tensor elements of ε can be expressed in terms of the
invariants of GI using

T � 2����

�I1
� I1

��

�I2
�GI �

��

�I2
GI

2	 � pI, [A8]

which still holds for an incompressible material. The elas-
tic modulus E is obtained by deriving the elements of T
with respect to the deformation tensor. Using the first root
of Eq. [A3] to substitute �uy/�y, the following equation of
motion can be obtained as

�F
�x

E �
dTxy

dF
�F
�x

� �
dTyy

dF
�F
�x

. [A9]

E can be derived as given in Eq. [8] using the following
notation:

E1 � 2�C1,1 � 2C2,0�

E2 � ��E1 � 2�C1,1 � 2C0,2��

� � 2C1,0. [A10]
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