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PACS 63.20.Pw — Localized modes
PACS 46.40.Cd — Mechanical wave propagation (including diffraction, scattering, and dispersion)

Abstract — In this letter we present for the first time an experimental investigation of shear wave
localization using motion-sensitive magnetic resonance imaging (MRI). Shear wave localization
was studied in gel phantoms containing arrays of randomly positioned parallel glass rods. The
phantoms were exposed to continuous harmonic vibrations in a frequency range from 25 to 175 Hz,
yielding wavelengths on the order of the elastic mean free path, i.e. the Ioffe-Regel criterion of
Anderson localization was satisfied. The experimental setup was further chosen such that purely
shear horizontal waves were induced to avoid effects due to mode conversion and pressure waves.
Analysis of the distribution of shear wave intensity in experiments and simulations revealed a
significant deviation from Rayleigh statistics indicating that shear wave energy is localized. This
observation is further supported by experiments on weakly scattering samples exhibiting Rayleigh
statistics and an analysis of the multifractality of wave functions. Our results suggest that motion-
sensitive MRI is a promising tool for studying Anderson localization of time-harmonic shear waves,
which are increasingly used in dynamic elastography.

Copyright © EPLA, 2010

Multiple scattering of waves has been for long a subject of
fundamental interest in physical research [1]. It provides
an elegant explanation for a multiplicity of effects in
ordered and disordered media such as band structure,
random lasing [2], coherent backscattering [3], and
disorder-driven metal-insulator transitions [4]. Originally
introduced as a possible mechanism for metal-insulator
transitions, Anderson localization has also attracted
a lot of attention in classical wave propagation [5].
In Anderson localization, constructive interference of
multiply scattered waves leads to the confinement of most
of the wave intensity in finite regions inside a disordered
medium. Outside these regions the intensity decreases
exponentially on a scale given by the localization length.
Classical waves offer the possibility to study this effect
without the ubiquitous Coulomb interaction in electronic
systems, which is known to show similar effects [6]. In
the past few decades Anderson localization of classical
waves was studied experimentally in two and three spatial
dimensions for electromagnetic and acoustic waves [7-14].
However, absorption and the necessity to use strongly
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scattering samples have often complicated the observation
of Anderson localization of classical waves [7,9,10]. So
far most investigations on elastic waves have focused on
sound waves while the localization of shear waves has
not yet been addressed experimentally. Since shear waves
are increasingly important for probing the mechanical
connectivity and rigidity of soft biological tissues we
are interested to study Anderson localization in tissue-
mimicking gels using motion-sensitive magnetic resonance
imaging (MRI).

The motion sensitivity of MRI originates in the phase of
the complex MR signal which scales with the large gyro-
magnetic ratio of protons. The application of oscillating
magnetic field gradients synchronized to the mechanical
vibration enables the measurement of arbitrary displace-
ment components u; in the bulk of a sample directly at
the positions and in the vicinity of the scattering entities.
This technique, known as magnetic resonance elastogra-
phy (MRE), has successfully been employed for imaging
the elastic properties of in vivo soft tissues [15-17]. MRE is
a relatively slow technique with image acquisition times on
the order of seconds, while typical shear wave speeds stud-
ied in MRE are on the order of a few meters per second.
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The onset of external vibrations relative to the begin of
motion encoding determines the phase at which the local
oscillations are measured. For time resolution an MRE
experiment therefore requires a series of image acquisi-
tions at different oscillation phases. Our study of Ander-
son localization of shear waves is based on an analysis of
intensity I = |u|? of harmonic shear waves.

Intensity distribution in a multiple scattering
medium. — According to the scaling theory of localiza-
tion, all solutions of the stationary wave equation are
localized in two or fewer dimensions [18]. However, the
localization length £ in two-dimensional systems may
be exponentially large, rendering the observation of
localization difficult in weakly scattering samples of size
L < £ [19]. This obstacle is less of a problem in strongly
scattering samples at low densities, when scattering is
independent [20]. A measure for the scattering strength,
or disorder strength, is given by the product of the wave
number and the mean free path kl. The regime in which
Anderson localization should be observable may then be
characterized by a set of four length scales: wavelength
A =27 /k, mean free path [, sample size L and dissipative
absorption length [,. In terms of these length scales the
regime of localization can be expressed by the inequality
A~ L<l,. The first “equality” is the well-known
Toffe-Regel criterion [21]. The first inequality ensures that
multiple scattering occurs inside the sample and the last
inequality has to be satisfied in order to exclude dissipa-
tion as a confounder of localization. The mean free path
in the Toffe-Regel criterion is given in the literature either
by =1, with [. the elastic mean free path or by | =lIp
with [p being the Boltzmann mean free path, i.e. the
unrenormalized transport mean free path (e.g. [11,22]).
We will give estimates for both cases that will help to
classify the regime of our experiments. For analyzing
our intensity data we use the distribution of transmitted
intensities determined via perturbation theory [23]. In
case of an incident plane wave, the probability density
of the normalized intensity I =1/(I) (where the angles
denote the spatial mean) is given by

/ dv/mo ds
= exp

where (s gln (v/14s/g++/s/g) and g is the

dlmensmnless conductance. If transport of wave energy is
diffusive throughout the sample, p(f ) is expected to be an
exponential distribution p(I) ~exp(—1) [5]. A deviation
from this kind of statistics at large intensities towards a

—j—I—sv—HI/(s) , (D)

rather stretched exponential, i.e. p ~ exp —21/ gf indicates
that diffusion has slowed down. In case of a localized state,
the dimensionless conductance is expected to behave as

~ exp(=2L/¢(L)), (2)

which can be employed to estimate the localization length
on basis of g. A value g<1 (Thouless’ criterion [24])

is combined with the Ioffe-Regel criterion for deciding
whether Anderson localization has occurred. The proba-
bility P(I) of finding a certain value I e[ —AI/2,1+
AI/2] is obtained by integrating p(I) given by eq. (1)
over the interval Al

Multifractality. — Recent theoretical and experi-
mental studies have focused on the multifractality (MF)
of the wave intensity distribution at the transition
to localization, i.e. at criticality [25-27]. There, the
normalized intensity was shown to obey a scaling law
I(r) o L=°(r), with a continuum of possible values for a.
The set of all positions r at which I(r) scales with a
can be assigned a fractal dimension f(«), which is called
the singularity spectrum. By dividing the disordered
system into equally sized square boxes B; of length b, the
scaling can quantitatively be assessed through the g-th
moment of the inverse participation ratios P, called the
generalized inverse participation ratios (GIPR)

[/B. I(r)d%r

J

N q

N
Pq:Z(fBj)q:Z

j=1

3)

At the localization transition the ensemble averaged
GIPR scale with the dimensionless length b/L as

(Py) ~ (b/ L)@ = (b/ L) e~ V20, (4)

where d is the Euclidean dimension and A, is the anom-
alous scaling exponent associated with the ¢-th moment,
that occurs at criticality. In contrast, A, = 0 for all values
q suggests perfectly extended states. From the exponents
7(q) the singularity spectrum f(«) can be deduced by
means of a Legendre transformation

dr(q) ,
=g q=f'(),
(5)
fla) = aqg—71(q).

Both A, and f(«a) are convex functions and are expected
to be parabolic close to their maximum, which is located
at go =1/2 for A, and at ap >d for f(«) with f(ao) =d.
For strong disorder and increasingly large values |g|, the
exponents A, approach linearity.

Experiments and numerical simulations. — Our
experimental setup was adopted from MRE using a 1.5T
MRI scanner (Sonata, Siemens, Erlangen, Germany) and a
modified echo planar imaging (EPI) sequence [28]. Motion
sensitization was achieved by oscillating gradients oriented
perpendicular to the image plane. We fabricated three
phantoms of agarose-based Wirogel (Bego Inc., Bremen,
Germany) water suspension with a ratio of 1: 5 mass parti-
tions. Each phantom comprised one hundred parallel glass
rods (Length=120mm, R=1.5mm) at random trans-
verse positions fixed by parallel plates at the ends of the
rods, which corresponded to fixed boundary conditions at
plates and bottom of the container. Assuming a shear elas-
ticity on the order of 10® kPa for the glass rods at a mass
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Fig. 1: The left image shows one of the templates used for
positioning the glass rods inside the gel phantom. An MR
magnitude image of the plane of shear wave propagation is
shown on the right. The distortion on top of the phantom is an
artifact due to accumulated water squeezed out of the gel by
the load of the actuator plate (symbolically shown as a white
bar). The dashed line demarcates the region employed in the
analysis of shear wave intensities.

density of 2500kg/m?, the phase speed ratio glass/gel
is on the order of 103. To our knowledge this is the
largest ratio studied experimentally in classical multiple-
wave scattering so far. Three distinct disorder configura-
tions were determined inside a 10 cm square region using
a random numbers generator (normally distributed) of
Matlab (The MathWorks Inc. Natick, MA) and used as
templates for positioning the glass rods. The minimum
distance between neighboring rods was 0.1 R. The result-
ing scatterer density was 7.1% and consequently the aver-
age distance between the rods was 0.01m. We used a
square vibrator plate for wave excitation driven by 25,
50, 75, 100, 125, 150 and 175 Hz time-harmonic oscilla-
tions. The displacement was predominantly parallel to
the rods and to the direction of the motion encoding
gradient, which represents a shear horizontal (SH) wave
scenario [29] not susceptible to mode conversions. Sixteen
phases of a wave cycle were captured at each vibration
frequency. After phase unwrapping data were temporally
Fourier transformed and the complex wave image u(r,w)
at vibration frequency was further used for calculating
intensity speckle patterns I(r,w). On one of the phan-
toms we conducted an experiment at 100Hz vibration
frequency in which we successively reduced the number of
rods by removing random glass rods. We measured shear
waves at 80, 50, 20 rods and finally without rods, corre-
sponding to rod densities of 5.7%, 3.5%, 1.4% and zero
percent, respectively. At each density we acquired data
at six frequencies between 95Hz and 105Hz, to reduce
statistical fluctuations. In our analysis we focussed on the
region of interest (ROI) corresponding to the location of
the scatterers as shown for one disorder configuration in
fig. 1. The size of the ROI was approximately 9.5 x 10 cm
corresponding to 63 x 70 pixels at a resolution of 1.5 mm
per pixel. Two strips of width A/2 on the left and on the
right of the region of interest were excluded to suppress
biases due to wave intensity leaking into the array of rods

Table 1: Ioffe-Regel parameter kl. in the frequency range
of the experiments according to first-order and second-order
calculations (in the scatterer density) and simulations.

f (Hz) 25 50 75 100 125 150 175
ISA 1 1.7 25 34 44 53 6.3
2.Order + hole corr. 0.9 1.6 2.2 28 35 43 5.2
Simulations 02 04 1.2 1.8 29 3.7 4.7

from the sides. As a consequence, the number of pixels at
which the intensity was evaluated ranged between 770 and
4270, depending on the vibration frequency. The normal-
ized intensities were binned into 30 equally sized inter-
vals between their corresponding minimum and maximum
values. The resulting histograms were normalized in order
to represent probabilities. Employing the bins as integra-
tion intervals AI, we fitted P(I) to the histograms by
varying g between 0.02 and 10. This procedure was applied
to every frequency and disorder configuration individu-
ally. Finally, the determined values for the dimensionless
conductance were averaged. In order to estimate the Ioffe-
Regel parameter in our experiments, we spatially Fourier-
transformed wave data averaged over the six frequencies
around 100 Hz and applied a directional filter with maxi-
mum amplitude in downwards direction [29]. The decay
in the back-transformed wave image was then fitted to
determine the elastic mean free path [. as described in the
results section. This procedure was repeated for each rod
density. We also determined the GIPR from the exper-
iments with different numbers of glass rods using box
sizes B; = {7,10, 14, 35} pixels and varying ¢ between — 6
and + 6.5 in steps of 0.025. The anomalous scaling expo-
nents A, were determined from linear fits to the loga-
rithm of eq. (4). The singularity spectrum f(«) was then
computed according to eqgs. (5) using standard numeri-
cal differentiation. For comparison, an experiment on an
identical phantom but without scatterers was performed.
In this phantom we determined the shear elasticity of the
gel by manual evaluation of wavelengths with approxi-
mately 4 kPa at a mass density of 1000 kg/m?3. This elas-
ticity value together with sample dimensions, coordinates
and density of scatterers as well as the drive frequencies
used in the experiments were fed into numerical simu-
lations employing a multiple scattering algorithm intro-
duced in [30]. In our simulations no viscosity and no finite
object boundaries were considered. Rigid boundary condi-
tions were applied at the interfaces between matrix and
scatterers for simulating the vast leap in shear elasticity at
gel-glass interfaces in the experiments. At each frequency
we simulated wave scattering in 200 distinct disorder
configurations in order to gain an estimate of the coherent
field.

Results and discussion. — We calculated the elas-
tic mean free path numerically from the effective wave
number kesy, i.e. lc =1/(2Im{kess}), in the independent
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Fig. 2: Intensity normalized to its mean is shown for experiments on a) a homogeneous phantom, b) a phantom with cylindrical
inclusions and c¢) wave scattering simulations. In both experiment and simulation, the configuration of cylindrical inclusions

corresponds to fig. 1.
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Fig. 3: a) Median of the dimensionless conductance g determined in experiments (open squares) and simulations (solid circles).
The insert shows the corresponding localization length ¢ determined according to eq. (2). Error bars represent 95% confidence
intervals. b) Intensity distributions as a function of scatterer density determined from experimental data. Solid lines represent

fits to data using eq. (1).

scatterer approximation (ISA) and using a second-order
approximation combined with the so-called hole correc-
tion to account for correlations in the positions of the
rods [31]. Moreover, we determined /. from our simula-
tions by fitting the exponential decay of the ensemble
averaged fields. The results are summarized in table 1.
We also calculated the Boltzmann mean free path [p,
which however, in the frequency range of our experiments
deviated insignificantly from [.. More precisely, the angle
average occurring in the calculation of /g was found to
be less than 0.02 in our frequency range. In particular,
no resonances were found. The results in table 1 show
that both ISA and the second-order approximation over-
estimate the Ioffe-Regel parameter as determined from
numerically simulated multiple scattering. The intensity

distribution as observed in experiments and simulations is
shown in fig. 2. In case of no scatterers (fig. 2(a)), varia-
tions of the shear wave intensity are shallow and the inten-
sity is not restricted to regions close to the source of the
waves. This is in contrast to experiments and simulations
with scatterers. Variations of the shear wave intensity are
much more pronounced and the intensity is restricted to
regions near the source of the waves. This suggests that
shear wave energy is not propagated through the phan-
tom but is accumulated in regions close to the source.
Figure 3(a) shows the average dimensionless conductances
determined in our experiments and numerical simulations.
Considerably low values g <1 are found at all frequen-
cies, whereby experiments and simulations agree within
the error margins. In contrast to [13] and [14] we cannot
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Fig. 4: a) The anomalous scaling exponents at 100 Hz and 7.1% (open squares), 3.5% (dashed line) and zero percent (open
circles) scatterer density. The dotted lines represents the anomalous exponents determined from Gaussian noise. The insert
shows the deviation from parabolicity. For further explanation see the discussion. b) The singularity spectrum corresponds to

the data in a). Error bars represent 95% confidence intervals.

measure the localization length directly due to overlapping
intensity peaks. Furthermore, the harmonic steady state
does not allow an analysis of the dynamics of localiza-
tion. From the dimensionless conductance we can never-
theless estimate the localization length (L) according to
eq. (2), which is shown in the insert of fig. 3(a). A low
value g represents a strong deviation from Rayleigh statis-
tics, which in combination with the expected values for
the Toffe-Regel parameter (table 1) suggests that shear
waves are localized. This conclusion is further supported
by fig. 3(b). There it is shown that decreasing the number
of glass rods yields monotonically increasing g, with a
threshold for g < 1 between v =3.5% and 1.4%. In case of
no glass rods, an exponential distribution is observed as is
expected for purely diffusive transport or pure Gaussian
noise. However, it is important to note that eq. (1) was
derived for the 2d distribution of transmitted intensity
in case of a 3d slab geometry, while our observations are
based on 2d intensities inside a 3d geometry. This issue
requires further theoretical investigation as does the fact
that eq. (1) was derived on basis of a mean-field approxi-
mation, which is not expected to completely describe the
features of strong localization. The Ioffe-Regel parameter
at 100 Hz was found with kl. = 2.6, 5.8, 9.4, 12.5 and 28.2
at scatterer densities of 7.1%, 5.7%, 3.5%, 1.4% and 0%,
respectively. Compared to table 1 the value kl. =2.6 at
7.1% density is somewhat larger than predicted by our
simulations, which is likely due to the directional filter-
ing yielding only estimates of the coherent field required
for determining /.. To analyze dissipation, we determined
the spatially averaged [, from the experiment on the
phantom without scatterers by using an inverse algo-
rithm similar to [28]. We found values [, ~2L at 75Hz
and 100 Hz, suggesting no significant impact of dissipa-
tion on the observation of Anderson localized shear waves

at these frequencies. Figure 4(a) shows the anomalous
scaling exponents A,. There, the expected MF of criti-
cal waves is clearly visible. As predicted by analytical and
numerical investigations the graphs are symmetric about
q=1/2. However, while the graphs at 7.1% and 0% rod
density show good symmetry, data at 3.5% clearly shows
an asymmetry. This is likely due to limited system size
and limited number of disorder configurations. The insert
shows 6, =A,/[¢(1 —q)], which quantifies the deviation
from a parabola, i.e. a constant value d, indicates perfect
parabolicity. It is seen that the shape of A, is closest
to a parabola when no rods are present. Combined with
the observation of Rayleigh statistics (see fig. 3(b)) and a
large value of the Ioffe-Regel parameter, this suggests that
wave transport is diffusive in this case. In fig. 4(b) the
singularity spectrum f(«) is seen to be least symmetric
at largest scatterer density. This again may be attributed
to the small size of the system. In general, it was shown
that the symmetry of the spectrum improves with increas-
ing system size [26]. When considering the symmetry one
should also notice that data A, and f(«) are more suscep-
tible to numerical errors at the boundaries. The positions
of the maxima at values ag > 2 and the value f(ag)=2
are in agreement with the theory. Figure 4(b) also shows
that the width increases with increasing rod density (in
the range of our densities), which is also expected.

Conclusions. — In our interpretation of the results
Anderson localization of shear waves has occurred due
to multiple scattering of shear horizontal waves by glass
rods embedded in a soft gel matrix. We used MRI in
combination with an experimental setup for generating
and observing SH waves at the sites of cylindrical scat-
terers. Rather than measuring transmission properties,
this method enables for the first time the analysis of the
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distribution of shear wave intensity directly in the scat-
tering regions of the sample. However, a precise determi-
nation of g and £(L), respectively, would require a large
number of disorder configurations or larger system sizes
with a larger number of glass rods. This is reflected by
the large fluctuations in g seen in the errors in fig. 3(a)
and by the degree of symmetry of A, and f(a). Simi-
lar to [14] we nevertheless consider it as an estimator for
the deviation from Rayleigh statistics. As demonstrated
in fig. 3(b), the diffusive regime is well observable with
our method. Without glass rods scattering still occurs,
although much less effective, from the remaining water-
filled holes in the gel matrix, which is also well reflected by
the anomalous scaling exponents and the singularity spec-
trum in figs. 4(a) and (b), respectively. The good agree-
ment with our 2d simulations (where no dissipation was
included) further supports that we observed strongly local-
ized shear waves in the frequency range around 100 Hz.
A clearly observable MF spectrum underlines the critical-
ity of the wave function at this frequency and a rod density
of 7.1%. Aside from being an interesting new modality for
studying Anderson localization of shear waves in particu-
lar and multiple scattering of shear waves in heterogeneous
soft materials in general, the employed MRI method is
uniquely suited to analyze shear wave scattering inside
the human body independently of acoustic ultrasound
windows.
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